to be non-uniformly polarized over their cross-section. The analysis of the Bessel beams in biaxial crystals spreading along one of the optical axis was presented in the papers [12, 13] where was employed a spectral integral technique. Berry and Jeffray [14] have analyzed the picture of a conical refraction in terms of singular optics focusing their attention on the fact that the Bessel vortex beams in biaxial crystals are the beams with eigen polarization. Notice also that a great number of papers were devoted to properties of paraxial Laguerre-Gaussian and Bessel-Gaussian beams in uniaxial crystals [15] [16] [17] [18] [19] [20] where was revealed a unique properties of the crystal travelling beams showing possibilities to generate and annihilate optical vortices.
Analysis of the beam propagation through chiral anisotropic crystals (anisotropic crystals with optical activity) is based as a rule on studying properties of separate plane waves in a beam and expanding them onto the beam as a whole [21] . Berry and Dennis were succeeded in analyzing a fine structure of polarization singularities in a birefringent dichroic chiral crystal on the base of the above approach enhanced by the stereoscopic projection technique [22] . In the paper [23] , Berry and Jeffray have analyzed the picture of Poggendorff rings and caustic surface under the condition of conical refraction in a birefringent chiral crystal. The propagation of paraxial Gaussian beam in a birefringent chiral crystal was also studied in [24] on the base of approximate methods. On the other hand, the description of the vortex properties of nondifracting beams in anisotropic chiral crystals on the base of the electromagnetic mode beams technique that reflects the picture of the vortex states in the beam as a whole was not accomplished as yet.
The aim of the given paper is to analyze optical vortex properties in electromagnetic nondiffracting beams traveling through a uniaxial birefringent chiral crystal employing the mode-beam technique.
In Section II, we derive the basic and characteristic equations for nondiffracting electromagnetic beams in a birefringent medium with an anisotropic optical activity. Behavior of a nondiffracting beam in a purely chiral crystal is analyzed in Section III. We solve the characteristic equation for the propagation constants and amplitude parameters of eigen modes and describe evolution of a Bessel singular beam with uniform circular polarization at initial plane of the crystal. Section IV is devoted to solving the characteristic equation in birefringent chiral crystal. Also we analyze optical vortex transformations in a linearly polarized Bessel beam bearing a singly charged optical vortex and vortex-free beams.
II, The basic and characteristic equations
We consider propagation of a nondiffracting monochromatic beam at the frequency ω along a unbounded uniaxial anisotropic medium with optical activity (chirality). The Maxwell' equations are: (a)
with a wavenumber k in vacuum while a constitutive equations (see, for example, [25] and references in it) we write in the form:
where the tensors:
characterize linear birefringence and optically active of a medium, respectively, inherent, for example, in triclinic, hexagonal and other practically important crystal systems, in particular, quartz crystals [26, 27] . After simple transformations of the equations (1) and (2) we come to the wave equations for the electric and magnetic fields in the form:
A longitudinal symmetry of nondiffracting mode beams supposes that ( ) ( ) ( )
where β stands for a propagation constant of the mode beam. As a result, the equations for the transverse and longitudinal components of the electric vector are (
where,
We will find a particular solution to the above equations in the form:
where ( )
is a scalar function, , A B are some parameters. Notice that the first and the second terms in eq.(17) are of a transverse electric (TE) and transverse magnetic (TM) wave fields, respectively, for the case of a pure birefringent crystal 3 0 γ γ = = [19] . Substituting eq. (17) into eqs (15) and (16) we find the expressions
The function Ψ will obey the only equation 
This set of equations has a non-trivial solution relative to amplitude parameters A and B if ( )
The above expression is of a characteristic equation for a propagation constant β of nondiffracting beams transmitting through a birefringent chiral crystal. Its solution:
where ( ) 
III. A purely chiral crystal
III.1 Characteristic equations
At first we consider the case of a purely chiral crystal without a linear birefringence: and we obtain from eqs (24) and (25) the beam parameters in the form
The tensor character of the optical activity ĝ manifests itself the most brightly in the non-paraxial region Ũ k ε . Indeed, let us require that 0 D = in eq. (24) . Then we find the characteristic parameter
The above equation describes anomaly in a nondiffracting beam-crystal system with isotropic point 
− ≤ . The last requirement can be presented in a simple form:
For the rest cases (in particular, for media with isotropic optical activity 0 γ ∆ = ),there is not an isotropic point in the beam-crystal system. Thus, a nondiffracting beam with the Uparameter described by eq. (31) has a sharp band in this range (see Fig.2c ). A unique feature of the crystal to change its properties in dependency on the beam parameters forces us to consider behavior of a nondiffracting beam-crystal system rather than properties of the beam and the crystal separately. Thus, in a purely chiral crystal, the wave field of a simplest nondiffracting beam is characterized by two eigen mode beams (see eq. (17)):
where the upper indices ( ) The absolutely other situation occurs if we will require the field of a nondiffracting beam to be uniformly polarized over all bea m cross-section at the plane 0 z = in a non-paraxial region. In this case, we have to compensate one of the circular polarizations ( E + or E − ) in the superposition of eigen modes in eq. (32) . Such a new nondiffracting beam loses its structural stability when transmitting along the crystal. Consider such a process in details on the example of Bessel beams.
III.2 The Bessel beams
The Helmholtz equation (20) has a solution in circular cylindrical coordinates in the form
Using equations (33) with 0 l = in eq. (32) 
we find the transverse circularly polarized components Ε is formed by using a simple relation
By making use of the Bessel function properties [29] we obtain the first set of Bessel beams: 
so that the components of the mode field situation has much to do with paraxial Laguerre-Gaussian beams in a purely birefringent crystals [16, 19] .
In the simplest cases, for example, for the beams with uniformly distributed a circular polarization state over the beam cross-section at the z=0 plane, the field can be written as a superposition: the fields similar to TE modes with a linear polarization over all beam cross-section. The handedness of the spirals is converted to the opposite one when transiting these planes. However, the handedness of the polarization states is not transformed. Notice that such an effect in gyrotropic crystals has been described in the paper [30] for the energy conversion between TE and TM modes in a Bessel beam on the base of a spectral integral technique.
IV. A birefringent chiral crystal

IV.1 A characteristic equation
Singular properties of Bessel beams in a purely birefringent crystal are studied in details in Ref. 11 . In this section, we concentrate our attention upon a more general case of a birefringent chiral crystal. The basic properties of the nondiffracting beams in this case are described by the characteristic equations (24) and (25). A general analysis shows that the spectral curves for propagation constants β ± and beam parameters B ± have similar features both for chiral birefringent and purely chiral crystals in a paraxial region because the optical activity suppresses a linear birefringent for the beams travelling along the crystal optical axis (compare Fig.1a and Fig.4a ). Major differences in properties of the nondiffracting beam-crystal system appear in a nonparaxial region, a primary role figuring here a tensor character of the optical activity γ . Let us consider the key cases. 
1)
The case 3 0 g g < ,
IV.2 Singular Bessel beams
High-order Bessel beams carry over optical vortices. Singular properties of scalar vortex-Bessel beams were in details analyzed in [31, 32] . We consider here a more general case of transformations of optical vortices in components of the vector Bessel beam with a uniform distributed polarization state at the input z=0 of a birefringent chiral crystal.
Let the Bessel beam of the fist order (m=0) has a uniform linear polarization at the z=0 plane directed along the x-axis: 
, , 0 
. Besides, the eigen modes run with different phase velocities so that the field amplitudes oscillate with a period 2 / π δβ Λ = along the crystal length. Although at the z=0 plane, the field is linearly polarized over all cross-section with a centered optical vortex, a little shift of the field along the z-axis results in appearing a complex lattice of optical vortices in each field component. At the distance equal to a quarter of a beating length 
V. Conclusions
We have derived equations for nondiffracting beams propagating along the optical axis of a uniaxial birefringent chiral crystal with a tensor form both of the linear birefringent and optical activity in constitutive relations and found a characteristic equation for propagation constant and amplitude parameters of eigen modes. We have shown that the eigen modes even in a purely chiral crystals without linear birefringence are non-uniformly polarized at the beam cross-section when a transverse wave number U of Bessel beams is compared with a wave number k ε of the electromagnetic beam (so-called a non-paraxial region) while mode beams with U k ε << (so-called a paraxial region) have nearly uniform polarization distribution. Besides, both circularly polarized components of the Bessel beams carries over optical vortices whose topological charges differ by two units even in a purely chiral crystal. It means that medium with an optical activity can generate optical vortices in an initial vortex-free beam. We have revealed that a tensor character of the optical activity manifests itself the most brightly in the crystals with 3 3 0, g g g g <
> . There appears an isotropic point is U U = in a purely chiral crystal when the beam propagates though the chiral crystal as through an isotropic medium. The Bessel beam in a non-paraxial region with uniform circular polarization at the initial plane is accompanied with a periodic recovering of typical conoscopic patterns in a pure chiral.
Even a very slight perturbation with a linear birefringence breaks the isotropic point off the spectral curves of the beam. An optical activity is suppressed by a linear birefringence in this range of the wave parameter U . The field structure of the eigen modes in a birefringent chiral crystal is similar to that in a purely chiral crystal but the beam parameters are sufficiently differed. We have revealed that components of a singular Bessel beam with uniform linear polarization in the initial crystal plane have a cross-like conoscopic pattern shaped by a row of optical vortices. The pattern is periodically reconstructed at a quarter of the beam beating length.
